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The recent rise in high-fidelity quantum technological
devices has necessitated detailed understanding of open
quantum systems and how their environment influences
their performance1,2. However, it has remained unre-
solved how to include explicitly known correlations be-
tween a system and its environment in the dynamical evo-
lution. In the standard weak-coupling (Born-Markov)
regime, the explicit dependence of the dynamics on cor-
relations are neglected3,4. Beyond this regime, more gen-
eral equations have been obtained5–7, yet without explicit
dependence on correlations. Here, we propose a corre-
lation picture which allows to derive an exact dynamical
equation with system–environment correlations included.
We show that systematic approximations to this equation
yield conveniently solvable master equations. Our formal-
ism provides a powerful approach to describe open sys-
tems and may give new insight in fundamental processes
such as thermalization.
The description of the joint evolution of a quantum system
and its environment, or bath, through the unitary evolution
given by the Schro¨dinger equation is hampered by the large
dimensionality of the Hilbert space of the bath. Although
there already exists a plethora of approximate methods3–9 for
obtaining dynamics of an open quantum system by a closed
set of equations, these approaches in general do not incorpo-
rate correlations between the system and its environment. De-
spite previous attempts to prove the existence of universally
valid time-local Lindblad-like master equations for general
dynamics10–13, a microscopic derivation which incorporates
correlations within the dynamics has been missing. Whether
a time-local master equation exists that can generally de-
scribe dynamics of systems with correlations is still an open
question14. Here, we resolve this issue and present a deriva-
tion of a universal Lindblad-like (ULL) equation which is
time-local and valid for any quantum dynamics. The ULL
form is derived without approximations and it is valid also
when the system is initially correlated with the bath. We study
the behavior of the ULL equation under chosen approxima-
tions and are able to derive conveniently solvable master equa-
tions which almost accurately reproduce the exact dynamics
in the corresponding parameter regimes. In particular, in the
vicinity of time instants where the correlations become negli-
gible, the ULL equation reduces to a Markovian Lindblad-like
(MLL) master equation, in which the jump rates are positive.
We prove that this equation correctly characterizes the univer-
sal quadratic short-time behavior of the system dynamics15,
in contrast to the standard Lindblad equation which gives a
purely linear behavior in short times16,17. In addition, we
demonstrate that our MLL equation, which does not utilize the
secular approximation, may in some cases even faithfully de-
scribe the long-time behavior of the system. This MLL equa-
tion thus constitutes a useful framework for studying open-
quantum-system dynamics beyond the weak-coupling regime.
At the heart of our derivation of the ULL master equation
is the introduction of a correlation picture, through which
we relate any correlated state of a composite system in the
Schro¨dinger picture to an uncorrelated description of that sys-
tem. As we elaborate in the following, this picture is inher-
ently different from the Heisenberg and interaction pictures.
To introduce the correlation picture we start with a transfor-
mation which relates the description of the system in the cor-
relation picture to its state in the Schro¨dinger picture.
Correlating transformations.—Any given system-bath
state at an arbitrary instant of time %SB(τ) can be decom-
posed in terms of an uncorrelated part, given by the tensor
product of the instantaneous reduced states of the subsystems
%S(τ) = TrB[%SB(τ)] and %B(τ) = TrS[%SB(τ)], and the re-
mainder χ(τ) which carries all correlations within the total
state,
%SB(τ) = %S(τ)⊗ %B(τ) + χ(τ), (1)
where TrS[χ] and TrB[χ] are null operators on the bath and
system Hilbert spaces, respectively. We call χ(τ) the corre-
lation operator or simply the correlation in the sequel. It in-
cludes all kinds of correlations, whether classical or quantum
mechanical. The latter, in the form of entanglement, discord,
or other more complex types, have a rich and resourceful na-
ture in physics, e.g., in energy fluctuations of thermodynami-
cal systems18 and in quantum information tasks19–21.
To define our correlation picture, we introduce an operation
Eχ which transforms the uncorrelated state %S(τ) ⊗ %B(τ)
to the correlated state %SB(τ). We call the opposite opera-
tion relating the correlated state to the uncorrelated one as
decorrelating. These are interesting operations, which also
appear in the context of quantum statistical physics, where
they are dubbed the quantum Boltzmann map and relate to
the Stosszahlansatz22. Decorrelating transformations have al-
ready been investigated in the literature23, and it is known
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H (⌧ 0)
<latexit sha1_base64="zUmlETBlyDsyQd8O3iiJIUtZANA=">AAAD AXicdVLLbtNAFJ2YVwmvBJZsRqSIgEJkR6CyQKgIVHWDKKJpK8VWNJ7cxKPO2CPPNRBGXvEdbEHsEFt+BP6GsRtQXOBI1j2+jzPH1xNrKQz6/s +Wd+bsufMXNi62L12+cvVap3v9wGRFzmHMM5nlRzEzIEUKYxQo4UjnwFQs4TA+flbVD99AbkSW7uNSQ6TYIhVzwRm61LTT3dyd2pAnouyHyIo7d zennZ4/fOBXoH+TYFhHv0dW2Jt2Wz/CWcYLBSlyyYyZBL7GyBopZmDKdlgY0IwfswVMHE2ZAhPZ2npJb7vMjM6z3D0p0jq7PmGZMmap4oGLimF SxarTDGZ1HCC8Q54p7aSqumkMx2oQx+qUBZw/iqxIdYGQ8hMH80JSzGi1IDoTOXCUS0cYzwUKTnnCcsbRrbGhxFWci0WCtS/DmYRCVzyyqN3H1 zbd2c/BbSWHHfe6w5SQS/tyPyitfs9L2yy/TpiGtaoqrcCyTRuwj+8/oYbeo5NgOHoYUdepxBaua71wJp5KnbAY0IaVpVruj/ApxX9gdbS7C79/ OP0/ORgNA8dfjXrb/dWt2CA3yS3SJwHZIttkl+yRMeHkLflIPpHP3gfvi/fV+3bS6rVWMzdIA973X1+E7BU=</latexit><latexit sha1_base64="zUmlETBlyDsyQd8O3iiJIUtZANA=">AAAD AXicdVLLbtNAFJ2YVwmvBJZsRqSIgEJkR6CyQKgIVHWDKKJpK8VWNJ7cxKPO2CPPNRBGXvEdbEHsEFt+BP6GsRtQXOBI1j2+jzPH1xNrKQz6/s +Wd+bsufMXNi62L12+cvVap3v9wGRFzmHMM5nlRzEzIEUKYxQo4UjnwFQs4TA+flbVD99AbkSW7uNSQ6TYIhVzwRm61LTT3dyd2pAnouyHyIo7d zennZ4/fOBXoH+TYFhHv0dW2Jt2Wz/CWcYLBSlyyYyZBL7GyBopZmDKdlgY0IwfswVMHE2ZAhPZ2npJb7vMjM6z3D0p0jq7PmGZMmap4oGLimF SxarTDGZ1HCC8Q54p7aSqumkMx2oQx+qUBZw/iqxIdYGQ8hMH80JSzGi1IDoTOXCUS0cYzwUKTnnCcsbRrbGhxFWci0WCtS/DmYRCVzyyqN3H1 zbd2c/BbSWHHfe6w5SQS/tyPyitfs9L2yy/TpiGtaoqrcCyTRuwj+8/oYbeo5NgOHoYUdepxBaua71wJp5KnbAY0IaVpVruj/ApxX9gdbS7C79/ OP0/ORgNA8dfjXrb/dWt2CA3yS3SJwHZIttkl+yRMeHkLflIPpHP3gfvi/fV+3bS6rVWMzdIA973X1+E7BU=</latexit><latexit sha1_base64="zUmlETBlyDsyQd8O3iiJIUtZANA=">AAAD AXicdVLLbtNAFJ2YVwmvBJZsRqSIgEJkR6CyQKgIVHWDKKJpK8VWNJ7cxKPO2CPPNRBGXvEdbEHsEFt+BP6GsRtQXOBI1j2+jzPH1xNrKQz6/s +Wd+bsufMXNi62L12+cvVap3v9wGRFzmHMM5nlRzEzIEUKYxQo4UjnwFQs4TA+flbVD99AbkSW7uNSQ6TYIhVzwRm61LTT3dyd2pAnouyHyIo7d zennZ4/fOBXoH+TYFhHv0dW2Jt2Wz/CWcYLBSlyyYyZBL7GyBopZmDKdlgY0IwfswVMHE2ZAhPZ2npJb7vMjM6z3D0p0jq7PmGZMmap4oGLimF SxarTDGZ1HCC8Q54p7aSqumkMx2oQx+qUBZw/iqxIdYGQ8hMH80JSzGi1IDoTOXCUS0cYzwUKTnnCcsbRrbGhxFWci0WCtS/DmYRCVzyyqN3H1 zbd2c/BbSWHHfe6w5SQS/tyPyitfs9L2yy/TpiGtaoqrcCyTRuwj+8/oYbeo5NgOHoYUdepxBaua71wJp5KnbAY0IaVpVruj/ApxX9gdbS7C79/ OP0/ORgNA8dfjXrb/dWt2CA3yS3SJwHZIttkl+yRMeHkLflIPpHP3gfvi/fV+3bS6rVWMzdIA973X1+E7BU=</latexit><latexit sha1_base64="zUmlETBlyDsyQd8O3iiJIUtZANA=">AAAD AXicdVLLbtNAFJ2YVwmvBJZsRqSIgEJkR6CyQKgIVHWDKKJpK8VWNJ7cxKPO2CPPNRBGXvEdbEHsEFt+BP6GsRtQXOBI1j2+jzPH1xNrKQz6/s +Wd+bsufMXNi62L12+cvVap3v9wGRFzmHMM5nlRzEzIEUKYxQo4UjnwFQs4TA+flbVD99AbkSW7uNSQ6TYIhVzwRm61LTT3dyd2pAnouyHyIo7d zennZ4/fOBXoH+TYFhHv0dW2Jt2Wz/CWcYLBSlyyYyZBL7GyBopZmDKdlgY0IwfswVMHE2ZAhPZ2npJb7vMjM6z3D0p0jq7PmGZMmap4oGLimF SxarTDGZ1HCC8Q54p7aSqumkMx2oQx+qUBZw/iqxIdYGQ8hMH80JSzGi1IDoTOXCUS0cYzwUKTnnCcsbRrbGhxFWci0WCtS/DmYRCVzyyqN3H1 zbd2c/BbSWHHfe6w5SQS/tyPyitfs9L2yy/TpiGtaoqrcCyTRuwj+8/oYbeo5NgOHoYUdepxBaua71wJp5KnbAY0IaVpVruj/ApxX9gdbS7C79/ OP0/ORgNA8dfjXrb/dWt2CA3yS3SJwHZIttkl+yRMeHkLflIPpHP3gfvi/fV+3bS6rVWMzdIA973X1+E7BU=</latexit>
 (⌧ 0)
<latexit sha1_base64="lJHYUdonZ3zf41JP3nIUrPh Xneo=">AAAC+3icbVJda9RAFJ2NX3X9avXRl8GtuMq6JAtSH0QqSvFFrNhtC5tQJpO7m6EzyZi5Edchv8NXxTfx1 f+i/8ZJGmSz9UC4J/fjzMnNxFoKg77/p+dduHjp8pWNq/1r12/cvLW5dfvQ5GXBYcpzmRfHMTMgRQZTFCjhWBfAV CzhKD59WdePPkJhRJ4d4FJDpNgiE3PBGbpUtB3yVAxDZOWDh9snmwN/7Deg50nQkgFpsX+y1fsdJjkvFWTIJTNmF vgaI2ukSMBU/bA0oBk/ZQuYOZoxBSayjemK3neZhM7zwj0Z0ia7OmGZMmap4pGLimFax7rTjJImjhA+Ic+VdlJ13 XSGYzWKY7VmAedPIysyXSJk/MzBvJQUc1qvhiaiAI5y6QjjhUDBKU9ZwTi6BXaUuIoLsUix8WU4k1DqmkcWtfv4x qY7+xW4rRSw5173mBJyad8eBJXVn3llu+X3KdOwUlWVFVj1aQf22ePn1NBHdBaMJ08i6jqV2MFVrTfOxAupUxYD2 rC21Mj9E15T/A/ao91dCNb//HlyOBkHjr+bDHaH7a3YIHfJPTIkAdkhu+Q12SdTwskH8oV8Jd+8yvvu/fB+nrV6v XbmDunA+/UX3HDqEQ==</latexit><latexit sha1_base64="lJHYUdonZ3zf41JP3nIUrPh Xneo=">AAAC+3icbVJda9RAFJ2NX3X9avXRl8GtuMq6JAtSH0QqSvFFrNhtC5tQJpO7m6EzyZi5Edchv8NXxTfx1 f+i/8ZJGmSz9UC4J/fjzMnNxFoKg77/p+dduHjp8pWNq/1r12/cvLW5dfvQ5GXBYcpzmRfHMTMgRQZTFCjhWBfAV CzhKD59WdePPkJhRJ4d4FJDpNgiE3PBGbpUtB3yVAxDZOWDh9snmwN/7Deg50nQkgFpsX+y1fsdJjkvFWTIJTNmF vgaI2ukSMBU/bA0oBk/ZQuYOZoxBSayjemK3neZhM7zwj0Z0ia7OmGZMmap4pGLimFax7rTjJImjhA+Ic+VdlJ13 XSGYzWKY7VmAedPIysyXSJk/MzBvJQUc1qvhiaiAI5y6QjjhUDBKU9ZwTi6BXaUuIoLsUix8WU4k1DqmkcWtfv4x qY7+xW4rRSw5173mBJyad8eBJXVn3llu+X3KdOwUlWVFVj1aQf22ePn1NBHdBaMJ08i6jqV2MFVrTfOxAupUxYD2 rC21Mj9E15T/A/ao91dCNb//HlyOBkHjr+bDHaH7a3YIHfJPTIkAdkhu+Q12SdTwskH8oV8Jd+8yvvu/fB+nrV6v XbmDunA+/UX3HDqEQ==</latexit><latexit sha1_base64="lJHYUdonZ3zf41JP3nIUrPh Xneo=">AAAC+3icbVJda9RAFJ2NX3X9avXRl8GtuMq6JAtSH0QqSvFFrNhtC5tQJpO7m6EzyZi5Edchv8NXxTfx1 f+i/8ZJGmSz9UC4J/fjzMnNxFoKg77/p+dduHjp8pWNq/1r12/cvLW5dfvQ5GXBYcpzmRfHMTMgRQZTFCjhWBfAV CzhKD59WdePPkJhRJ4d4FJDpNgiE3PBGbpUtB3yVAxDZOWDh9snmwN/7Deg50nQkgFpsX+y1fsdJjkvFWTIJTNmF vgaI2ukSMBU/bA0oBk/ZQuYOZoxBSayjemK3neZhM7zwj0Z0ia7OmGZMmap4pGLimFax7rTjJImjhA+Ic+VdlJ13 XSGYzWKY7VmAedPIysyXSJk/MzBvJQUc1qvhiaiAI5y6QjjhUDBKU9ZwTi6BXaUuIoLsUix8WU4k1DqmkcWtfv4x qY7+xW4rRSw5173mBJyad8eBJXVn3llu+X3KdOwUlWVFVj1aQf22ePn1NBHdBaMJ08i6jqV2MFVrTfOxAupUxYD2 rC21Mj9E15T/A/ao91dCNb//HlyOBkHjr+bDHaH7a3YIHfJPTIkAdkhu+Q12SdTwskH8oV8Jd+8yvvu/fB+nrV6v XbmDunA+/UX3HDqEQ==</latexit><latexit sha1_base64="lJHYUdonZ3zf41JP3nIUrPh Xneo=">AAAC+3icbVJda9RAFJ2NX3X9avXRl8GtuMq6JAtSH0QqSvFFrNhtC5tQJpO7m6EzyZi5Edchv8NXxTfx1 f+i/8ZJGmSz9UC4J/fjzMnNxFoKg77/p+dduHjp8pWNq/1r12/cvLW5dfvQ5GXBYcpzmRfHMTMgRQZTFCjhWBfAV CzhKD59WdePPkJhRJ4d4FJDpNgiE3PBGbpUtB3yVAxDZOWDh9snmwN/7Deg50nQkgFpsX+y1fsdJjkvFWTIJTNmF vgaI2ukSMBU/bA0oBk/ZQuYOZoxBSayjemK3neZhM7zwj0Z0ia7OmGZMmap4pGLimFax7rTjJImjhA+Ic+VdlJ13 XSGYzWKY7VmAedPIysyXSJk/MzBvJQUc1qvhiaiAI5y6QjjhUDBKU9ZwTi6BXaUuIoLsUix8WU4k1DqmkcWtfv4x qY7+xW4rRSw5173mBJyad8eBJXVn3llu+X3KdOwUlWVFVj1aQf22ePn1NBHdBaMJ08i6jqV2MFVrTfOxAupUxYD2 rC21Mj9E15T/A/ao91dCNb//HlyOBkHjr+bDHaH7a3YIHfJPTIkAdkhu+Q12SdTwskH8oV8Jd+8yvvu/fB+nrV6v XbmDunA+/UX3HDqEQ==</latexit>
%SB(⌧
0)
<latexit sha1_base64="VJp9x5oCZKYXAFv/iQHgk/i NHy8=">AAADDnicbVJbaxNBFJ6stxpvqT4KMpiKUdKQDUh9EKkXii9ipU1bSJYwOznJDp3ZHWbOFuOwb/4Af4evi m/iqz9B/42zmyBJ6oHlfHsu33znzMRaCovd7p9acOHipctXNq7Wr12/cfNWY/P2kc1yw6HPM5mZk5hZkCKFPgqUc KINMBVLOI5PX5X54zMwVmTpIc40RIpNUzERnKEPjRr3toZnzJgkG7mhYpjYiTt4WRStIbL84aOtUaPZ7XQro+dBu ABNsrD90Wbt93Cc8VxBilwyawdhV2PkrBRjsEV9mFvQjJ+yKQw8TJkCG7lqjoI+8JExnWTGfynSKrrc4Ziydqbit vel2NKXlbY9rnwb4QPyTGlPVQ2z0hyrdhyrNQk4eRo5keocIeVzBZNcUsxouS06FgY4ypkHjBuBglOeMMM4+p2uM HEVGzFNsNJlOZOQ6xJHDrUfvpLpz34NfisG9vzvHlNCzty7w7Bw+iMv3Gr6IGEalrKqcAKLOl0x92z7ObX0MR2En d6TiPpKJXZwmeutF/FC6oTFgPM7ruj+Ea8x/scWR/u3EK7f/Hlw1OuEHr/vNXdbi1exQe6S+6RFQrJDdskbsk/6h JNP5Av5Sr4Fn4PvwY/g57w0qC167pAVC379Ba9V8g0=</latexit><latexit sha1_base64="VJp9x5oCZKYXAFv/iQHgk/i NHy8=">AAADDnicbVJbaxNBFJ6stxpvqT4KMpiKUdKQDUh9EKkXii9ipU1bSJYwOznJDp3ZHWbOFuOwb/4Af4evi m/iqz9B/42zmyBJ6oHlfHsu33znzMRaCovd7p9acOHipctXNq7Wr12/cfNWY/P2kc1yw6HPM5mZk5hZkCKFPgqUc KINMBVLOI5PX5X54zMwVmTpIc40RIpNUzERnKEPjRr3toZnzJgkG7mhYpjYiTt4WRStIbL84aOtUaPZ7XQro+dBu ABNsrD90Wbt93Cc8VxBilwyawdhV2PkrBRjsEV9mFvQjJ+yKQw8TJkCG7lqjoI+8JExnWTGfynSKrrc4Ziydqbit vel2NKXlbY9rnwb4QPyTGlPVQ2z0hyrdhyrNQk4eRo5keocIeVzBZNcUsxouS06FgY4ypkHjBuBglOeMMM4+p2uM HEVGzFNsNJlOZOQ6xJHDrUfvpLpz34NfisG9vzvHlNCzty7w7Bw+iMv3Gr6IGEalrKqcAKLOl0x92z7ObX0MR2En d6TiPpKJXZwmeutF/FC6oTFgPM7ruj+Ea8x/scWR/u3EK7f/Hlw1OuEHr/vNXdbi1exQe6S+6RFQrJDdskbsk/6h JNP5Av5Sr4Fn4PvwY/g57w0qC167pAVC379Ba9V8g0=</latexit><latexit sha1_base64="VJp9x5oCZKYXAFv/iQHgk/i NHy8=">AAADDnicbVJbaxNBFJ6stxpvqT4KMpiKUdKQDUh9EKkXii9ipU1bSJYwOznJDp3ZHWbOFuOwb/4Af4evi m/iqz9B/42zmyBJ6oHlfHsu33znzMRaCovd7p9acOHipctXNq7Wr12/cfNWY/P2kc1yw6HPM5mZk5hZkCKFPgqUc KINMBVLOI5PX5X54zMwVmTpIc40RIpNUzERnKEPjRr3toZnzJgkG7mhYpjYiTt4WRStIbL84aOtUaPZ7XQro+dBu ABNsrD90Wbt93Cc8VxBilwyawdhV2PkrBRjsEV9mFvQjJ+yKQw8TJkCG7lqjoI+8JExnWTGfynSKrrc4Ziydqbit vel2NKXlbY9rnwb4QPyTGlPVQ2z0hyrdhyrNQk4eRo5keocIeVzBZNcUsxouS06FgY4ypkHjBuBglOeMMM4+p2uM HEVGzFNsNJlOZOQ6xJHDrUfvpLpz34NfisG9vzvHlNCzty7w7Bw+iMv3Gr6IGEalrKqcAKLOl0x92z7ObX0MR2En d6TiPpKJXZwmeutF/FC6oTFgPM7ruj+Ea8x/scWR/u3EK7f/Hlw1OuEHr/vNXdbi1exQe6S+6RFQrJDdskbsk/6h JNP5Av5Sr4Fn4PvwY/g57w0qC167pAVC379Ba9V8g0=</latexit><latexit sha1_base64="VJp9x5oCZKYXAFv/iQHgk/i NHy8=">AAADDnicbVJbaxNBFJ6stxpvqT4KMpiKUdKQDUh9EKkXii9ipU1bSJYwOznJDp3ZHWbOFuOwb/4Af4evi m/iqz9B/42zmyBJ6oHlfHsu33znzMRaCovd7p9acOHipctXNq7Wr12/cfNWY/P2kc1yw6HPM5mZk5hZkCKFPgqUc KINMBVLOI5PX5X54zMwVmTpIc40RIpNUzERnKEPjRr3toZnzJgkG7mhYpjYiTt4WRStIbL84aOtUaPZ7XQro+dBu ABNsrD90Wbt93Cc8VxBilwyawdhV2PkrBRjsEV9mFvQjJ+yKQw8TJkCG7lqjoI+8JExnWTGfynSKrrc4Ziydqbit vel2NKXlbY9rnwb4QPyTGlPVQ2z0hyrdhyrNQk4eRo5keocIeVzBZNcUsxouS06FgY4ypkHjBuBglOeMMM4+p2uM HEVGzFNsNJlOZOQ6xJHDrUfvpLpz34NfisG9vzvHlNCzty7w7Bw+iMv3Gr6IGEalrKqcAKLOl0x92z7ObX0MR2En d6TiPpKJXZwmeutF/FC6oTFgPM7ruj+Ea8x/scWR/u3EK7f/Hlw1OuEHr/vNXdbi1exQe6S+6RFQrJDdskbsk/6h JNP5Av5Sr4Fn4PvwY/g57w0qC167pAVC379Ba9V8g0=</latexit>
%S(⌧
0)
<latexit sha1_base64="ZBLuDzox llsZ7qSZMFeBkgNiBVM=">AAADDXicbVLdahNBFJ5s/anxL62XIgymYpQYsg GpFyIVpXgjVtq0hWQJs5OT7NCZ3WHmbDEOe+UD+BzeKt6Jt76Cvo2zmyBJ6 oHlfHt+vvnOmYm1FBa73T+1YOPS5StXN6/Vr9+4eet2Y2v72Ga54dDnmczMa cwsSJFCHwVKONUGmIolnMRnr8r8yTkYK7L0CGcaIsWmqZgIztCHRo17O8Nz ZkySjdxQMUzsxB0WRWuILH/4aGfUaHY73croRRAuQJMs7GC0Vfs9HGc8V5Ai l8zaQdjVGDkrxRhsUR/mFjTjZ2wKAw9TpsBGrhqjoA98ZEwnmfFfirSKLnc 4pqydqbjtfam19GWlbY8r30b4gDxT2lNVs6w0x6odx2pNAk6eRU6kOkdI+Vz BJJcUM1oui46FAY5y5gHjRqDglCfMMI5+pStMXMVGTBOsdFnOJOS6xJFD7Y evZPqzX4PfioF9/7vPlJAz9+4oLJz+yAu3mj5MmIalrCqcwKJOV8w9f/KCWv qYDsJO72lEfaUSu7jM9daLeCl1wmLA+RVXdP+I1xj/Y4uj/VsI12/+Ijjud UKP3/eae63Fq9gkd8l90iIh2SV75A05IH3CySfyhXwl34LPwffgR/BzXhrUF j13yIoFv/4C1wHxwQ==</latexit><latexit sha1_base64="ZBLuDzox llsZ7qSZMFeBkgNiBVM=">AAADDXicbVLdahNBFJ5s/anxL62XIgymYpQYsg GpFyIVpXgjVtq0hWQJs5OT7NCZ3WHmbDEOe+UD+BzeKt6Jt76Cvo2zmyBJ6 oHlfHt+vvnOmYm1FBa73T+1YOPS5StXN6/Vr9+4eet2Y2v72Ga54dDnmczMa cwsSJFCHwVKONUGmIolnMRnr8r8yTkYK7L0CGcaIsWmqZgIztCHRo17O8Nz ZkySjdxQMUzsxB0WRWuILH/4aGfUaHY73croRRAuQJMs7GC0Vfs9HGc8V5Ai l8zaQdjVGDkrxRhsUR/mFjTjZ2wKAw9TpsBGrhqjoA98ZEwnmfFfirSKLnc 4pqydqbjtfam19GWlbY8r30b4gDxT2lNVs6w0x6odx2pNAk6eRU6kOkdI+Vz BJJcUM1oui46FAY5y5gHjRqDglCfMMI5+pStMXMVGTBOsdFnOJOS6xJFD7Y evZPqzX4PfioF9/7vPlJAz9+4oLJz+yAu3mj5MmIalrCqcwKJOV8w9f/KCWv qYDsJO72lEfaUSu7jM9daLeCl1wmLA+RVXdP+I1xj/Y4uj/VsI12/+Ijjud UKP3/eae63Fq9gkd8l90iIh2SV75A05IH3CySfyhXwl34LPwffgR/BzXhrUF j13yIoFv/4C1wHxwQ==</latexit><latexit sha1_base64="ZBLuDzox llsZ7qSZMFeBkgNiBVM=">AAADDXicbVLdahNBFJ5s/anxL62XIgymYpQYsg GpFyIVpXgjVtq0hWQJs5OT7NCZ3WHmbDEOe+UD+BzeKt6Jt76Cvo2zmyBJ6 oHlfHt+vvnOmYm1FBa73T+1YOPS5StXN6/Vr9+4eet2Y2v72Ga54dDnmczMa cwsSJFCHwVKONUGmIolnMRnr8r8yTkYK7L0CGcaIsWmqZgIztCHRo17O8Nz ZkySjdxQMUzsxB0WRWuILH/4aGfUaHY73croRRAuQJMs7GC0Vfs9HGc8V5Ai l8zaQdjVGDkrxRhsUR/mFjTjZ2wKAw9TpsBGrhqjoA98ZEwnmfFfirSKLnc 4pqydqbjtfam19GWlbY8r30b4gDxT2lNVs6w0x6odx2pNAk6eRU6kOkdI+Vz BJJcUM1oui46FAY5y5gHjRqDglCfMMI5+pStMXMVGTBOsdFnOJOS6xJFD7Y evZPqzX4PfioF9/7vPlJAz9+4oLJz+yAu3mj5MmIalrCqcwKJOV8w9f/KCWv qYDsJO72lEfaUSu7jM9daLeCl1wmLA+RVXdP+I1xj/Y4uj/VsI12/+Ijjud UKP3/eae63Fq9gkd8l90iIh2SV75A05IH3CySfyhXwl34LPwffgR/BzXhrUF j13yIoFv/4C1wHxwQ==</latexit><latexit sha1_base64="ZBLuDzox llsZ7qSZMFeBkgNiBVM=">AAADDXicbVLdahNBFJ5s/anxL62XIgymYpQYsg GpFyIVpXgjVtq0hWQJs5OT7NCZ3WHmbDEOe+UD+BzeKt6Jt76Cvo2zmyBJ6 oHlfHt+vvnOmYm1FBa73T+1YOPS5StXN6/Vr9+4eet2Y2v72Ga54dDnmczMa cwsSJFCHwVKONUGmIolnMRnr8r8yTkYK7L0CGcaIsWmqZgIztCHRo17O8Nz ZkySjdxQMUzsxB0WRWuILH/4aGfUaHY73croRRAuQJMs7GC0Vfs9HGc8V5Ai l8zaQdjVGDkrxRhsUR/mFjTjZ2wKAw9TpsBGrhqjoA98ZEwnmfFfirSKLnc 4pqydqbjtfam19GWlbY8r30b4gDxT2lNVs6w0x6odx2pNAk6eRU6kOkdI+Vz BJJcUM1oui46FAY5y5gHjRqDglCfMMI5+pStMXMVGTBOsdFnOJOS6xJFD7Y evZPqzX4PfioF9/7vPlJAz9+4oLJz+yAu3mj5MmIalrCqcwKJOV8w9f/KCWv qYDsJO72lEfaUSu7jM9daLeCl1wmLA+RVXdP+I1xj/Y4uj/VsI12/+Ijjud UKP3/eae63Fq9gkd8l90iIh2SV75A05IH3CySfyhXwl34LPwffgR/BzXhrUF j13yIoFv/4C1wHxwQ==</latexit>
E (⌧)
<latexit sha1_base64="sLkuxI0spfVbjuoxOHvp+ LJVA5o=">AAADCnicbVLdbtMwFHbD3yh/HdzBjUWHVFBXJZXQuEBoCJi4QQyxbpPaqHLc08aanVjxCaJYkXgA noNbEHeIWx4C3gYnC6Lp+CTrfD5//nzsSEth0Pd/t7xz5y9cvLRxuX3l6rXrNzqbNw9NmmccRjyVaXYcMQNSJ DBCgRKOdQZMRRKOopNnZfzoHWRGpMkBLjWEii0SMRecoXNNO7e3JophrD9w+6KY2gmPRdGbIMvvb007XX/gV6 BnSVCTLqmxP91s/ZrMUp4rSJBLZsw48DWG1kgxA1O0J7kBzfgJW8DY0YQpMKGt7lDQe84zo/M0cytBWnlXKyx TxixV1He2VFzaMtP0Z5XtI7xHnirtWpVx0yiOVD+K1JoEnD8KrUh0jpDwUwXzXFJMaTkpOhMZcJRLRxjPBApO ecwyxtHNs9GJqygTixgrXYYzCbkueWhRu8tXMt3Zz8FNJYM9t91jSsilfX0QFNbNvrDN8NuYaViJqsIKLNq0A ft4+wk19AEdB4Phw5C6TCV2cLXXKyfiqdQxiwDt34cu/jVe6/gf1Ee7vxCsv/xZcjgcBI6/GXZ3e/Wv2CB3yF 3SIwHZIbvkJdknI8LJR/KZfCFfvU/eN++79+M01WvVNbdIA97PP2iL8IQ=</latexit><latexit sha1_base64="sLkuxI0spfVbjuoxOHvp+ LJVA5o=">AAADCnicbVLdbtMwFHbD3yh/HdzBjUWHVFBXJZXQuEBoCJi4QQyxbpPaqHLc08aanVjxCaJYkXgA noNbEHeIWx4C3gYnC6Lp+CTrfD5//nzsSEth0Pd/t7xz5y9cvLRxuX3l6rXrNzqbNw9NmmccRjyVaXYcMQNSJ DBCgRKOdQZMRRKOopNnZfzoHWRGpMkBLjWEii0SMRecoXNNO7e3JophrD9w+6KY2gmPRdGbIMvvb007XX/gV6 BnSVCTLqmxP91s/ZrMUp4rSJBLZsw48DWG1kgxA1O0J7kBzfgJW8DY0YQpMKGt7lDQe84zo/M0cytBWnlXKyx TxixV1He2VFzaMtP0Z5XtI7xHnirtWpVx0yiOVD+K1JoEnD8KrUh0jpDwUwXzXFJMaTkpOhMZcJRLRxjPBApO ecwyxtHNs9GJqygTixgrXYYzCbkueWhRu8tXMt3Zz8FNJYM9t91jSsilfX0QFNbNvrDN8NuYaViJqsIKLNq0A ft4+wk19AEdB4Phw5C6TCV2cLXXKyfiqdQxiwDt34cu/jVe6/gf1Ee7vxCsv/xZcjgcBI6/GXZ3e/Wv2CB3yF 3SIwHZIbvkJdknI8LJR/KZfCFfvU/eN++79+M01WvVNbdIA97PP2iL8IQ=</latexit><latexit sha1_base64="sLkuxI0spfVbjuoxOHvp+ LJVA5o=">AAADCnicbVLdbtMwFHbD3yh/HdzBjUWHVFBXJZXQuEBoCJi4QQyxbpPaqHLc08aanVjxCaJYkXgA noNbEHeIWx4C3gYnC6Lp+CTrfD5//nzsSEth0Pd/t7xz5y9cvLRxuX3l6rXrNzqbNw9NmmccRjyVaXYcMQNSJ DBCgRKOdQZMRRKOopNnZfzoHWRGpMkBLjWEii0SMRecoXNNO7e3JophrD9w+6KY2gmPRdGbIMvvb007XX/gV6 BnSVCTLqmxP91s/ZrMUp4rSJBLZsw48DWG1kgxA1O0J7kBzfgJW8DY0YQpMKGt7lDQe84zo/M0cytBWnlXKyx TxixV1He2VFzaMtP0Z5XtI7xHnirtWpVx0yiOVD+K1JoEnD8KrUh0jpDwUwXzXFJMaTkpOhMZcJRLRxjPBApO ecwyxtHNs9GJqygTixgrXYYzCbkueWhRu8tXMt3Zz8FNJYM9t91jSsilfX0QFNbNvrDN8NuYaViJqsIKLNq0A ft4+wk19AEdB4Phw5C6TCV2cLXXKyfiqdQxiwDt34cu/jVe6/gf1Ee7vxCsv/xZcjgcBI6/GXZ3e/Wv2CB3yF 3SIwHZIbvkJdknI8LJR/KZfCFfvU/eN++79+M01WvVNbdIA97PP2iL8IQ=</latexit><latexit sha1_base64="sLkuxI0spfVbjuoxOHvp+ LJVA5o=">AAADCnicbVLdbtMwFHbD3yh/HdzBjUWHVFBXJZXQuEBoCJi4QQyxbpPaqHLc08aanVjxCaJYkXgA noNbEHeIWx4C3gYnC6Lp+CTrfD5//nzsSEth0Pd/t7xz5y9cvLRxuX3l6rXrNzqbNw9NmmccRjyVaXYcMQNSJ DBCgRKOdQZMRRKOopNnZfzoHWRGpMkBLjWEii0SMRecoXNNO7e3JophrD9w+6KY2gmPRdGbIMvvb007XX/gV6 BnSVCTLqmxP91s/ZrMUp4rSJBLZsw48DWG1kgxA1O0J7kBzfgJW8DY0YQpMKGt7lDQe84zo/M0cytBWnlXKyx TxixV1He2VFzaMtP0Z5XtI7xHnirtWpVx0yiOVD+K1JoEnD8KrUh0jpDwUwXzXFJMaTkpOhMZcJRLRxjPBApO ecwyxtHNs9GJqygTixgrXYYzCbkueWhRu8tXMt3Zz8FNJYM9t91jSsilfX0QFNbNvrDN8NuYaViJqsIKLNq0A ft4+wk19AEdB4Phw5C6TCV2cLXXKyfiqdQxiwDt34cu/jVe6/gf1Ee7vxCsv/xZcjgcBI6/GXZ3e/Wv2CB3yF 3SIwHZIbvkJdknI8LJR/KZfCFfvU/eN++79+M01WvVNbdIA97PP2iL8IQ=</latexit>  (⌧)
<latexit sha1_base64="XNrkcCtx+u27G3GQ1Aa0Sfn 7aVA=">AAAC+nicbVJda9RAFJ2NX3X9aKuPvgxuhVXWJVmQ+iBSUYovYsVuW9iEMpnc3QydSYbMjbiO+Ru+Kr6Jr /4Y/TdO0iCbrQfCPbkfZ05uJtZSGPT9Pz3v0uUrV69tXO/fuHnr9ubW9p0jk5cFhynPZV6cxMyAFBlMUaCEE10AU 7GE4/jsZV0//gCFEXl2iEsNkWKLTMwFZ+hS4U7IUzEMkZUPd063Bv7Yb0AvkqAlA9Li4HS79ztMcl4qyJBLZsws8 DVG1kiRgKn6YWlAM37GFjBzNGMKTGQbzxV94DIJneeFezKkTXZ1wjJlzFLFIxcVw7SOdacZJU0cIXxEnivtpOq66 QzHahTHas0Czp9GVmS6RMj4uYN5KSnmtN4MTUQBHOXSEcYLgYJTnrKCcXT76yhxFRdikWLjy3AmodQ1jyxq9/GNT Xf2K3BbKWDfve4zJeTSvj0MKqs/8cp2y+9TpmGlqiorsOrTDuyzx8+poY/oLBhPnkTUdSqxi6tab5yJF1KnLAa0Y W2pkfsnvKb4H7RHu7sQrP/5i+RoMg4cfzcZ7A3bW7FB7pH7ZEgCskv2yGtyQKaEE02+kK/km/fZ++798H6et3q9d uYu6cD79RdPcung</latexit><latexit sha1_base64="XNrkcCtx+u27G3GQ1Aa0Sfn 7aVA=">AAAC+nicbVJda9RAFJ2NX3X9aKuPvgxuhVXWJVmQ+iBSUYovYsVuW9iEMpnc3QydSYbMjbiO+Ru+Kr6Jr /4Y/TdO0iCbrQfCPbkfZ05uJtZSGPT9Pz3v0uUrV69tXO/fuHnr9ubW9p0jk5cFhynPZV6cxMyAFBlMUaCEE10AU 7GE4/jsZV0//gCFEXl2iEsNkWKLTMwFZ+hS4U7IUzEMkZUPd063Bv7Yb0AvkqAlA9Li4HS79ztMcl4qyJBLZsws8 DVG1kiRgKn6YWlAM37GFjBzNGMKTGQbzxV94DIJneeFezKkTXZ1wjJlzFLFIxcVw7SOdacZJU0cIXxEnivtpOq66 QzHahTHas0Czp9GVmS6RMj4uYN5KSnmtN4MTUQBHOXSEcYLgYJTnrKCcXT76yhxFRdikWLjy3AmodQ1jyxq9/GNT Xf2K3BbKWDfve4zJeTSvj0MKqs/8cp2y+9TpmGlqiorsOrTDuyzx8+poY/oLBhPnkTUdSqxi6tab5yJF1KnLAa0Y W2pkfsnvKb4H7RHu7sQrP/5i+RoMg4cfzcZ7A3bW7FB7pH7ZEgCskv2yGtyQKaEE02+kK/km/fZ++798H6et3q9d uYu6cD79RdPcung</latexit><latexit sha1_base64="XNrkcCtx+u27G3GQ1Aa0Sfn 7aVA=">AAAC+nicbVJda9RAFJ2NX3X9aKuPvgxuhVXWJVmQ+iBSUYovYsVuW9iEMpnc3QydSYbMjbiO+Ru+Kr6Jr /4Y/TdO0iCbrQfCPbkfZ05uJtZSGPT9Pz3v0uUrV69tXO/fuHnr9ubW9p0jk5cFhynPZV6cxMyAFBlMUaCEE10AU 7GE4/jsZV0//gCFEXl2iEsNkWKLTMwFZ+hS4U7IUzEMkZUPd063Bv7Yb0AvkqAlA9Li4HS79ztMcl4qyJBLZsws8 DVG1kiRgKn6YWlAM37GFjBzNGMKTGQbzxV94DIJneeFezKkTXZ1wjJlzFLFIxcVw7SOdacZJU0cIXxEnivtpOq66 QzHahTHas0Czp9GVmS6RMj4uYN5KSnmtN4MTUQBHOXSEcYLgYJTnrKCcXT76yhxFRdikWLjy3AmodQ1jyxq9/GNT Xf2K3BbKWDfve4zJeTSvj0MKqs/8cp2y+9TpmGlqiorsOrTDuyzx8+poY/oLBhPnkTUdSqxi6tab5yJF1KnLAa0Y W2pkfsnvKb4H7RHu7sQrP/5i+RoMg4cfzcZ7A3bW7FB7pH7ZEgCskv2yGtyQKaEE02+kK/km/fZ++798H6et3q9d uYu6cD79RdPcung</latexit><latexit sha1_base64="XNrkcCtx+u27G3GQ1Aa0Sfn 7aVA=">AAAC+nicbVJda9RAFJ2NX3X9aKuPvgxuhVXWJVmQ+iBSUYovYsVuW9iEMpnc3QydSYbMjbiO+Ru+Kr6Jr /4Y/TdO0iCbrQfCPbkfZ05uJtZSGPT9Pz3v0uUrV69tXO/fuHnr9ubW9p0jk5cFhynPZV6cxMyAFBlMUaCEE10AU 7GE4/jsZV0//gCFEXl2iEsNkWKLTMwFZ+hS4U7IUzEMkZUPd063Bv7Yb0AvkqAlA9Li4HS79ztMcl4qyJBLZsws8 DVG1kiRgKn6YWlAM37GFjBzNGMKTGQbzxV94DIJneeFezKkTXZ1wjJlzFLFIxcVw7SOdacZJU0cIXxEnivtpOq66 QzHahTHas0Czp9GVmS6RMj4uYN5KSnmtN4MTUQBHOXSEcYLgYJTnrKCcXT76yhxFRdikWLjy3AmodQ1jyxq9/GNT Xf2K3BbKWDfve4zJeTSvj0MKqs/8cp2y+9TpmGlqiorsOrTDuyzx8+poY/oLBhPnkTUdSqxi6tab5yJF1KnLAa0Y W2pkfsnvKb4H7RHu7sQrP/5i+RoMg4cfzcZ7A3bW7FB7pH7ZEgCskv2yGtyQKaEE02+kK/km/fZ++798H6et3q9d uYu6cD79RdPcung</latexit>
%SB(⌧)
<latexit sha1_base64="4hnWSUgELKKI3/MtCt5Ep6T YT2c=">AAADDXicbVJbaxNBFJ6stxpvqT6KMJgKUWLIBqQ+iNQLxRex0qYtJEuYnZxkh87sDjNni3HYJ3+Av8NXS 9/EV/+C/htnN0GS1APL+fZcvvnOmYm1FBa73T+14NLlK1evbVyv37h56/adxubdQ5vlhkOfZzIzxzGzIEUKfRQo4 VgbYCqWcBSfvCnzR6dgrMjSA5xpiBSbpmIiOEMfGjUebA1PmTFJNnJDxTCxE7f/uihaQ2T5461Ro9ntdCujF0G4A E2ysL3RZu33cJzxXEGKXDJrB2FXY+SsFGOwRX2YW9CMn7ApDDxMmQIbuWqMgj7ykTGdZMZ/KdIqutzhmLJ2puK29 6XW0peVtj2ufBvhE/JMaU9VzbLSHKt2HKs1CTh5HjmR6hwh5XMFk1xSzGi5LDoWBjjKmQeMG4GCU54wwzj6la4wc RUbMU2w0mU5k5DrEkcOtR++kunPfgt+KwZ2/e8uU0LO3IeDsHD6My/cano/YRqWsqpwAos6XTH34ulLaukTOgg7v WcR9ZVKbOMy13sv4pXUCYsB51dc0f0jXmP8jy2O9m8hXL/5i+Cw1wk9/thr7rQWr2KD3CcPSYuEZJvskHdkj/QJJ 1/IN/KdnAVfg/PgR/BzXhrUFj33yIoFv/4CGvXx3A==</latexit><latexit sha1_base64="4hnWSUgELKKI3/MtCt5Ep6T YT2c=">AAADDXicbVJbaxNBFJ6stxpvqT6KMJgKUWLIBqQ+iNQLxRex0qYtJEuYnZxkh87sDjNni3HYJ3+Av8NXS 9/EV/+C/htnN0GS1APL+fZcvvnOmYm1FBa73T+14NLlK1evbVyv37h56/adxubdQ5vlhkOfZzIzxzGzIEUKfRQo4 VgbYCqWcBSfvCnzR6dgrMjSA5xpiBSbpmIiOEMfGjUebA1PmTFJNnJDxTCxE7f/uihaQ2T5461Ro9ntdCujF0G4A E2ysL3RZu33cJzxXEGKXDJrB2FXY+SsFGOwRX2YW9CMn7ApDDxMmQIbuWqMgj7ykTGdZMZ/KdIqutzhmLJ2puK29 6XW0peVtj2ufBvhE/JMaU9VzbLSHKt2HKs1CTh5HjmR6hwh5XMFk1xSzGi5LDoWBjjKmQeMG4GCU54wwzj6la4wc RUbMU2w0mU5k5DrEkcOtR++kunPfgt+KwZ2/e8uU0LO3IeDsHD6My/cano/YRqWsqpwAos6XTH34ulLaukTOgg7v WcR9ZVKbOMy13sv4pXUCYsB51dc0f0jXmP8jy2O9m8hXL/5i+Cw1wk9/thr7rQWr2KD3CcPSYuEZJvskHdkj/QJJ 1/IN/KdnAVfg/PgR/BzXhrUFj33yIoFv/4CGvXx3A==</latexit><latexit sha1_base64="4hnWSUgELKKI3/MtCt5Ep6T YT2c=">AAADDXicbVJbaxNBFJ6stxpvqT6KMJgKUWLIBqQ+iNQLxRex0qYtJEuYnZxkh87sDjNni3HYJ3+Av8NXS 9/EV/+C/htnN0GS1APL+fZcvvnOmYm1FBa73T+14NLlK1evbVyv37h56/adxubdQ5vlhkOfZzIzxzGzIEUKfRQo4 VgbYCqWcBSfvCnzR6dgrMjSA5xpiBSbpmIiOEMfGjUebA1PmTFJNnJDxTCxE7f/uihaQ2T5461Ro9ntdCujF0G4A E2ysL3RZu33cJzxXEGKXDJrB2FXY+SsFGOwRX2YW9CMn7ApDDxMmQIbuWqMgj7ykTGdZMZ/KdIqutzhmLJ2puK29 6XW0peVtj2ufBvhE/JMaU9VzbLSHKt2HKs1CTh5HjmR6hwh5XMFk1xSzGi5LDoWBjjKmQeMG4GCU54wwzj6la4wc RUbMU2w0mU5k5DrEkcOtR++kunPfgt+KwZ2/e8uU0LO3IeDsHD6My/cano/YRqWsqpwAos6XTH34ulLaukTOgg7v WcR9ZVKbOMy13sv4pXUCYsB51dc0f0jXmP8jy2O9m8hXL/5i+Cw1wk9/thr7rQWr2KD3CcPSYuEZJvskHdkj/QJJ 1/IN/KdnAVfg/PgR/BzXhrUFj33yIoFv/4CGvXx3A==</latexit><latexit sha1_base64="4hnWSUgELKKI3/MtCt5Ep6T YT2c=">AAADDXicbVJbaxNBFJ6stxpvqT6KMJgKUWLIBqQ+iNQLxRex0qYtJEuYnZxkh87sDjNni3HYJ3+Av8NXS 9/EV/+C/htnN0GS1APL+fZcvvnOmYm1FBa73T+14NLlK1evbVyv37h56/adxubdQ5vlhkOfZzIzxzGzIEUKfRQo4 VgbYCqWcBSfvCnzR6dgrMjSA5xpiBSbpmIiOEMfGjUebA1PmTFJNnJDxTCxE7f/uihaQ2T5461Ro9ntdCujF0G4A E2ysL3RZu33cJzxXEGKXDJrB2FXY+SsFGOwRX2YW9CMn7ApDDxMmQIbuWqMgj7ykTGdZMZ/KdIqutzhmLJ2puK29 6XW0peVtj2ufBvhE/JMaU9VzbLSHKt2HKs1CTh5HjmR6hwh5XMFk1xSzGi5LDoWBjjKmQeMG4GCU54wwzj6la4wc RUbMU2w0mU5k5DrEkcOtR++kunPfgt+KwZ2/e8uU0LO3IeDsHD6My/cano/YRqWsqpwAos6XTH34ulLaukTOgg7v WcR9ZVKbOMy13sv4pXUCYsB51dc0f0jXmP8jy2O9m8hXL/5i+Cw1wk9/thr7rQWr2KD3CcPSYuEZJvskHdkj/QJJ 1/IN/KdnAVfg/PgR/BzXhrUFj33yIoFv/4CGvXx3A==</latexit>
H (⌧)
<latexit sha1_base64="VsXxhfhrKebuP/ENPnzUmkcYIXw=">AAA DAHicdVLLbtNAFJ2YVwmPprBkMyJFCihEdkTVLhAqAlXdIIpo2kqJFY3HN/GoM/bIc10RRt7wHWxB7BBbvgT+hrEbUFzgSNY9vo8zx9cTaSk M+v7Plnfp8pWr19aut2/cvHV7vbNx58hkRc5hxDOZ5ScRMyBFCiMUKOFE58BUJOE4On1R1Y/PIDciSw9xoSFUbJ6KmeAMXWra6WzuT+2EJ6L sTZAVDzenna4/eOJXoH+TYFBHv0uWOJhutH5M4owXClLkkhkzDnyNoTVSxGDK9qQwoBk/ZXMYO5oyBSa0tfOSPnCZmM6y3D0p0jq7OmGZMmah or6LimFSxarT9OM69hHeIc+UdlJV3TSGI9WPInXBAs52QitSXSCk/NzBrJAUM1rth8YiB45y4QjjuUDBKU9Yzji6LTaUuIpyMU+w9mU4k1Do iocWtfv42qY7+yW4reSw5173mBJyYV8fBqXV73lpm+W3CdOwUlWlFVi2aQP26eNn1NBHdBwMhlshdZ1KbOOq1itn4rnUCYsA7aSyVMv9Eb6g +A8sj3Z34fcPp/8nR8NB4PibYXe3t7wVa+QeuU96JCDbZJfskwMyIpyckY/kE/nsffC+eF+9b+etXms5c5c04H3/BdCx6+Q=</latexit><latexit sha1_base64="VsXxhfhrKebuP/ENPnzUmkcYIXw=">AAA DAHicdVLLbtNAFJ2YVwmPprBkMyJFCihEdkTVLhAqAlXdIIpo2kqJFY3HN/GoM/bIc10RRt7wHWxB7BBbvgT+hrEbUFzgSNY9vo8zx9cTaSk M+v7Plnfp8pWr19aut2/cvHV7vbNx58hkRc5hxDOZ5ScRMyBFCiMUKOFE58BUJOE4On1R1Y/PIDciSw9xoSFUbJ6KmeAMXWra6WzuT+2EJ6L sTZAVDzenna4/eOJXoH+TYFBHv0uWOJhutH5M4owXClLkkhkzDnyNoTVSxGDK9qQwoBk/ZXMYO5oyBSa0tfOSPnCZmM6y3D0p0jq7OmGZMmah or6LimFSxarT9OM69hHeIc+UdlJV3TSGI9WPInXBAs52QitSXSCk/NzBrJAUM1rth8YiB45y4QjjuUDBKU9Yzji6LTaUuIpyMU+w9mU4k1Do iocWtfv42qY7+yW4reSw5173mBJyYV8fBqXV73lpm+W3CdOwUlWlFVi2aQP26eNn1NBHdBwMhlshdZ1KbOOq1itn4rnUCYsA7aSyVMv9Eb6g +A8sj3Z34fcPp/8nR8NB4PibYXe3t7wVa+QeuU96JCDbZJfskwMyIpyckY/kE/nsffC+eF+9b+etXms5c5c04H3/BdCx6+Q=</latexit><latexit sha1_base64="VsXxhfhrKebuP/ENPnzUmkcYIXw=">AAA DAHicdVLLbtNAFJ2YVwmPprBkMyJFCihEdkTVLhAqAlXdIIpo2kqJFY3HN/GoM/bIc10RRt7wHWxB7BBbvgT+hrEbUFzgSNY9vo8zx9cTaSk M+v7Plnfp8pWr19aut2/cvHV7vbNx58hkRc5hxDOZ5ScRMyBFCiMUKOFE58BUJOE4On1R1Y/PIDciSw9xoSFUbJ6KmeAMXWra6WzuT+2EJ6L sTZAVDzenna4/eOJXoH+TYFBHv0uWOJhutH5M4owXClLkkhkzDnyNoTVSxGDK9qQwoBk/ZXMYO5oyBSa0tfOSPnCZmM6y3D0p0jq7OmGZMmah or6LimFSxarT9OM69hHeIc+UdlJV3TSGI9WPInXBAs52QitSXSCk/NzBrJAUM1rth8YiB45y4QjjuUDBKU9Yzji6LTaUuIpyMU+w9mU4k1Do iocWtfv42qY7+yW4reSw5173mBJyYV8fBqXV73lpm+W3CdOwUlWlFVi2aQP26eNn1NBHdBwMhlshdZ1KbOOq1itn4rnUCYsA7aSyVMv9Eb6g +A8sj3Z34fcPp/8nR8NB4PibYXe3t7wVa+QeuU96JCDbZJfskwMyIpyckY/kE/nsffC+eF+9b+etXms5c5c04H3/BdCx6+Q=</latexit><latexit sha1_base64="VsXxhfhrKebuP/ENPnzUmkcYIXw=">AAA DAHicdVLLbtNAFJ2YVwmPprBkMyJFCihEdkTVLhAqAlXdIIpo2kqJFY3HN/GoM/bIc10RRt7wHWxB7BBbvgT+hrEbUFzgSNY9vo8zx9cTaSk M+v7Plnfp8pWr19aut2/cvHV7vbNx58hkRc5hxDOZ5ScRMyBFCiMUKOFE58BUJOE4On1R1Y/PIDciSw9xoSFUbJ6KmeAMXWra6WzuT+2EJ6L sTZAVDzenna4/eOJXoH+TYFBHv0uWOJhutH5M4owXClLkkhkzDnyNoTVSxGDK9qQwoBk/ZXMYO5oyBSa0tfOSPnCZmM6y3D0p0jq7OmGZMmah or6LimFSxarT9OM69hHeIc+UdlJV3TSGI9WPInXBAs52QitSXSCk/NzBrJAUM1rth8YiB45y4QjjuUDBKU9Yzji6LTaUuIpyMU+w9mU4k1Do iocWtfv42qY7+yW4reSw5173mBJyYV8fBqXV73lpm+W3CdOwUlWlFVi2aQP26eNn1NBHdBwMhlshdZ1KbOOq1itn4rnUCYsA7aSyVMv9Eb6g +A8sj3Z34fcPp/8nR8NB4PibYXe3t7wVa+QeuU96JCDbZJfskwMyIpyckY/kE/nsffC+eF+9b+etXms5c5c04H3/BdCx6+Q=</latexit>
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FIG. 1. Description of the correlation picture. At any time τ (or
τ ′) a correlating transformation Eχ transforms an uncorrelated state
%S ⊗ %B to a correlated state %SB = %S ⊗ %B + χ, at the same instant
of time, due to an abstract correlation-dependent generator given by
Hχ. Using this transformation we obtain the temporal evolution of
the uncorrelated system with a universal Lindblad-like generator Lχ
[see equation (7)] constructed from HSB, the generator of the total
system dynamics in the Schro¨dinger picture.
that a universal decorrelating machine would violate linear-
ity of quantum mechanics24. Our correlating transformation,
indeed, is not universal, i.e.,Eχ depends on the states. To gain
insight on how to find Eχ, consider, e.g., a given entangling25
gate described by the unitary transformation Uχ = e−isHχ ,
with a relatively small parameter s. This results in a weakly
correlated state %SB = %S ⊗ %B + sχ. We refer to the dimen-
sionless operator Hχ as the correlation generator. In the limit
s → 0 we obtain Uχ%S ⊗ %BU†χ = %S ⊗ %B − is[Hχ, %S ⊗
%B] +O(s
2); and thus χ obeys the equation
χ = −i[Hχ, %S ⊗ %B]. (2)
Rather than regarding the correlation χ as a function of the
input product state %S ⊗ %B, we seek to find the generator Hχ
satisfying equation (2) with given %S ⊗ %B and χ. Although
for any given pair of quantum states %1 and %2, it is possible
to find a quantum map or channel E such that E [%1] = %226,
such a map does not necessarily have a unitary representa-
tion, and hence equation (2) does not generally have a Her-
mitian solution for Hχ. We thus relax the above Hermitic-
ity constraint on Hχ and since the left side of equation (2)
is Hermitian, to ensure Hermiticity of the right side, with a
non-Hermitian Hχ, we introduce a generalized commutator
[[A,B]] = AB −B†A†27 and replace equation (2) with
χ = −i[[Hχ, %S ⊗ %B]]. (3)
Fortunately, this equation has always a solution for Hχ under
the condition that P0(τ)χ(τ)P0(τ) = 0, where P0(τ) is the
projector onto the null-space of %S(τ)⊗%B(τ)28. In the Meth-
ods section, we prove that this condition is always satisfied
and we provide the solution for Hχ. Using equation (3) we
define our correlating transformation Eχ as
%SB = Eχ[%S ⊗ %B] := %S ⊗ %B − i[[Hχ, %S ⊗ %B]]. (4)
Note that the uncorrelated state %S ⊗ %B is not necessar-
ily the real description of the total system (because in general
χ 6= 0); rather, we take this state as the description of the
total system in the correlation picture. In order to keep the dy-
namics of the state in this picture faithful to the Schro¨dinger
equation, we need to devise an appropriate formulation. Fig-
ure 1 depicts a sketch of the correlating transformation and the
emerging correlation picture, which is explained below.
Correlation picture dynamics and derivation of a canonical
Lindblad-like form for general dynamics.—We aim to apply
our correlation picture transformation between the correlated
and uncorrelated states, %SB and %S ⊗ %B, respectively, to ob-
tain a dynamical equation for %S. Our approach can be consid-
ered in the spirit of the derivation of the Nakajima–Zwanzing
equation5,6. But rather than applying a decorrelating projec-
tor to omit system–bath correlations, by employing our corre-
lating transformation within the Schro¨dinger equation of the
total system, we shall explicitly retain contributions to the sys-
tem dynamics from the correlations in the total system.
Let us assume that the total Hamiltonian of the system and
the bath is given by HSB = HS + HB + HI, where the last
term denotes the system–bath interaction. We employ the
correlating transformation (4) to obtain a counterpart for the
Schro¨dinger picture generator Ds [◦] = −i[HSB, ◦] (through-
out this paper we have assumed the natural units ~ ≡ kB ≡ 1).
More precisely, we define this operator Dc such that
Ds [%SB(τ)] =Dc [%S(τ)⊗ %B(τ)]. (5)
By inserting the correlating transformation (4) in the
Schro¨dinger equation as Ds [%SB(τ)] = Ds
[
Eχ[%S(τ) ⊗
%B(τ)]
]
we obtain the correlation-picture dual generator as
Dc [◦] = −i[HSB, ◦]−
[
HSB, [[Hχ, ◦]]
]
. (6)
Although the dynamics described by Dc utilizing the correla-
tion picture is fully equivalent to the Schro¨dinger picture dy-
namics governed by Ds , working in this suitable picture has
its advantages. As we show below, working in the correlation
picture, in addition to leading to an exact ULL, offers more
convenient ways to incorporate correlations and to apply re-
lated approximations.
From equation (6) we can readily obtain the dynamics of
the subsystem by tracing out over the bath in %˙SB(τ) =
Dc [%S(τ)⊗ %B(τ)]. This leads to an exact Lindblad-like mas-
ter equation for the system,
%˙S = Lχ[%S] =
− i[HS + hχL , %S] +
∑
m
γχm
(
2Lχm%SL
χ†
m − {Lχ†m Lχm, %S}).
(7)
The Lamb-shift-like Hamiltonian hχL , the quasi-rates γ
χ
m
which are not necessarily positive, and the jump operators
Lχm are obtained from the diagonalization of the Hermitian
3and anti-Hermitian parts of a covariance matrix c of the bath
operators. Here, unlike in the standard Lindblad equation,
these bath operators are obtained not only from the interac-
tion Hamiltonian but also from the correlation generator Hχ
defined in equation (3), yielding the covariance matrix c as
cij(τ) = 〈BiBχj (τ)〉B, (8)
where 〈◦〉B = Tr[%B(τ)◦], and Bi and Bχj arise from the
general expansion of HI =
∑d2S−1
i=1 Si ⊗ Bi and Hχ(τ) =∑d2S−1
j=0 Sj⊗Bχj (τ) on the basis of orthonormal traceless Her-
mitian operators {Si}d
2
S−1
i=1 of the system. Here, dS is the di-
mension of the Hilbert space of the system, S0 = I/
√
dS,
and Tr[SiSj ] = δij . The quasi-rates γχm are the eigenval-
ues of the matrix a(τ) = [aij(τ)] defined by aij(τ) =
(1/2)
[
c(τ) + c†(τ)
]
ij
, where i, j ≥ 1. The jump operators
are given by Lχm =
∑
j 6=0 VmjSj where {Vmj}j are the ele-
ments of the eigenvector corresponding to the eigenvalue γχm.
Furthermore, hχL (τ) = 〈HI〉B + (2/
√
dS)
∑
i 6=0Im(ci0)Si +∑
i 6=0,j 6=0bij(τ)SiSj , where bij are the elements of the matrix
b(τ) := [bij(τ)] defined as bij(τ) = (−i/2)
[
c(τ)− c†(τ)]
ij
for i, j ≥ 1.
SinceLχ depends on the state of the system, equation (7) is
formally a nonlinear equation. Indeed, the linearity constraint
on the full dynamics of quantum systems does not imply a
similar restriction on the dynamics of a subsystem. Never-
theless, we show in the Supplementary Information that our
ULL master equation (7) is linear in two important cases: (i)
if there is no initial correlation, i.e., χ(0) = 0, where we show
χ(τ) can be explicitly expressed in terms of the system-bath
product state, and (ii) if the domain of Lχ is restricted to a set
of states {%(i)S } forming a convex decomposition of the state
of the system, i.e., %S =
∑
i pi%
(i)
S , but here the initial total
state may be correlated.
To illustrate universality of the dynamical equation (7),
even in the presence of initial system–bath correlations, we
begin with a proof-of-principle example, the well-known ex-
actly solvable Jaynes–Cummings model29, and show that the
dynamics of the two-level system is given by the ULL equa-
tion even though it is correlated with the cavity mode.
Jaynes–Cummings model.—Consider a two-level atom
interacting with a single-mode cavity under the Jaynes–
Cummings Hamiltonian. The atom Hamiltonian is HS =
(ω0/2)σz , where σ± = (σx ± iσy)/2 and σx, σy , and σz
are the x, y, and z Pauli operators, the cavity Hamiltonian is
HB = ωa
†a, where a† (a) is the creation (annihilation) oper-
ator of the cavity mode, and HI = λ(σ+ ⊗ a+ σ− ⊗ a†) de-
scribes the atom–cavity interaction. For simplicity, we assume
that ω0 = ω and that the initial state of the total atom–cavity
system is in a correlated state |ψ(0)〉 = r1|e, 0〉 + r2|g, 1〉,
where both r1 and r2 are real numbers. Following the steps of
the derivation of equation (7) we obtain (see the Supplemen-
tary Information) %˙S = −i[HS+ ω˜0σz, %S] + γχ1 (2σ−%Sσ+−
{σ+σ−, %S})− γχ2 (2σ+%Sσ− − {σ−σ+, %S}), where ω˜0, γχ1 ,
and γχ2 are given in the Supplementary Information. We em-
phasize that this equation is in the ULL form and is valid even
when there are initial system–bath correlations.
Derivation of a Markovian equation.—Based on our gen-
eral dynamical equation where system–bath correlations are
fully incorporated, we can obtain simpler expressions for the
case where the correlations are small. This approach is valid,
e.g., in the vicinity of time instants at which the correlations
vanish or become negligible. In such cases, we can sim-
plify our ULL master equation into a Markovian Lindblad-like
(MLL) master equation in which jump rates are positive—as
expected from a Markovian dynamics8. Below, we show that
this equation correctly characterizes the universal quadratic
short-time behavior of the system dynamics; whereas the
standard Lindblad master equation in general fails to capture
this16,17. We assume that at τ0 the correlation vanishes. With-
out loss of generality we take τ0 = 0, thus χ(0) = 0. We al-
low the correlations to slightly accumulate in the subsequent
time steps due to the dynamics. To the first order in the time
argument τ , we find that the correlation satisfies equation (3)
with Hχ(τ) = τH˜I(τ), where H˜I(τ) =
∑
i6=0Si ⊗ (Bi −
〈Bi〉B) −
∑
i 6=0〈Si 〉SBi and 〈◦〉S = Tr[%S(τ)◦]. Thus, from
the knowledge of Hχ, we can read Bχj (τ) = τ(Bj − 〈Bj〉B),
where j ≥ 1. Substituting these expressions into equation (8)
the bath covariance matrix becomes
cij(τ) = τ CovB(Bi,Bj), i, j ≥ 1, (9)
where CovB(O1, O2) = 〈O1O2〉B − 〈O1〉B〈O2〉B. Since
the covariance matrix c(τ) is positive-semidefinite, aij(τ) =
cij(τ) and bij(τ) = 0. Positivity of a implies positivity of
the rates γχm > 0, which is a necessary feature of a Markovian
dynamical evolution. To obtain an equation in which there
is no dependence on the state of the bath (recall that hχL (τ)
and cij(τ) depend on %B(τ)), we also expand %B(τ) around
τ0 = 0 and keep relevant terms up to the first order in τ . Thus
we obtain
aij(τ) ≈ τ CovB0(Bi,Bj); bij(τ) = 0;
h
χ
L (τ) ≈〈HI〉B0 − iτ〈[HI, H˜B]〉B0
− 2τ∑(i,j) 6=(0,0)〈Sj〉S0 Im〈BiBj〉B0Si, (10)
where subscripts B0 and S0 indicate that the averages or co-
variances are taken with respect to %B(0) and %S(0) rather
than %B(τ) and %S(τ). In equation (10) we have defined
H˜B = HB + 〈HI〉S0 (see the Supplementary Information for
more details). Equation (7)—bearing in mind equation (10)—
describes the short-time dynamics around a point of vanish-
ing correlation with a Markovian dynamics. We emphasize
that this equation is exact up to the first order in τ and it
may be applied to describe the exact dynamics of a system
for which χ(τ) remains zero or is repeatedly set to zero at
each short time interval13. Now by integration of equation
(7) in the Markovian regime and keeping the terms up to sec-
ond order in τ , we obtain the universal short-time behavior as
%S(τ) = %S(0) + τ %
(1)
S (0) + τ
2 %
(2)
S (0), where %
(1)
S (0) and
%
(2)
S (0) are given in the Supplementary Information. Interest-
ingly, when [HS + 〈HI〉B0 , %S(0)] = 0, the linear term van-
ishes and the system state evolves quadratically in time,
%S(τ) =%S(0)− τ
2
2
TrB
[
HI, [HI, %S(0)⊗ %B(0)]
]
. (11)
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FIG. 2. An atom in a bosonic bath. Population of the excited state
of the atom vs. time (in the natural units) for β = 1, η = 0.5,
ωc = 100, and ω0 = 0, when the atom is initially in the excited state.
Here EX, MLL, and RF denote, respectively, data from exact, MLL,
and Redfield solutions. The inset plot is a zoom-in of the population
vs. time for short times for the same value of parameters.
Note that under the above commutativity condition, the short-
time behavior (11) holds in general whether the dynamics is
Markovian or not15,16.
Let us demonstrate through another example that the MLL
equation can in some cases describe the long-time behavior of
the system correctly. In addition, here this equation surpasses
the standard Markovian Lindblad equation.
Atom in a bosonic bath.—Let us consider a two-level atom
interacting with a many-mode bosonic bath in the thermal
state %βB = e
−β∑n ωna†nan/Tr[e−β∑n ωna†nan ] at temperature
T = 1/β. Here, ak is the annihilation operator for mode k.
The total Hamiltonian reads
HSB = ω0σ+σ− +
∑
nωna
†
nan − σx ⊗OB, (12)
where OB =
∑
n κn(an + a
†
n). Assuming that the atom at all
times retains only a small correlation with the bath, we con-
clude that equation (10) applies and we obtain the following
master equation:
%˙S(τ) = −i[HS, %S(τ)] + γ(τ)
(
σx%S(τ)σx − %S(τ)
)
, (13)
where γ(τ) = 2τ CovB0(OB,OB), and CovB0(OB,OB) =∫∞
0
dω J(ω)
(
2n(β, ω) + 1
)
is given in terms of a spectral
density function J(ω) and the bosonic occupation number
n(β, ω) = (eβω − 1)−1. Equation (13) describes pure de-
phasing in the eigenbasis of σx and yields the population of
the excited state of the atom as
%ee(τ) =
1
2
+ (%ee(0)− 1/2)e−2τ2 CovB0 (OB,OB). (14)
The exact solution of this example is given in ref.15 for ω0 = 0
and under the assumption of an initial thermal state for the
bath and an Ohmic spectral density for the couplings of the
interaction Hamiltonian, J(ω) = ηω(1 + ω2/ω2c )
−2, where
ωc is the cutoff frequency and η denotes the coupling strength
between the system and the bath. This provides a convenient
means of studying the accuracy of equation (14).
For a comparison between our method, the Redfield equa-
tion (an equation which is obtained by applying only the
weak-coupling on the exact dynamics4) and the exact solu-
tion, see Fig. 2, where we show the evolution of the excited-
state population. The MLL equation follows the exact solu-
tion relatively well, whereas the Redfield equation exhibits a
relatively slower decay. For details of the derivation of the
Redfield equation and the analysis of the short-time dynamics
using the Lindblad-like model and the exact evolution, see the
Supplementary Information.
We have shown in this example that the MLL may work
well even when applied for longer times. Although at first
sight expanding around a point of vanishing correlation may
seem equivalent to the Born approximation, we have illus-
trated that the MLL equation is different from the Redfield
equation. In addition, unlike the Redfield equation, the MLL
equation always keeps the state positive. In the weak-coupling
regime and finite ω0, on the other hand, the Redfield equation
may correctly exhibit energy decay and thermal excitations
absent in the derived MLL. However, an application of milder
approximations to the exact ULL than the one carried out here
may yield in the future an equation correctly describing both
of these phenomena.
Conclusion.—To sum up, we have shown how the correla-
tion picture approach enables analyses of the impact of corre-
lations on the decoherence and dissipation mechanisms in the
evolution of the open quantum systems. We anticipate a wide
range of applications of our theory from quantum thermody-
namics to quantum computation. In particular, the approach
may help to understand whether and how quantum systems
thermalize, and it may shed light on the role of correlations
in quantum algorithms and the robustness of quantum error
correction against correlated noise mechanisms.
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Methods
Solution of Hχ in terms of χ. Equation (3) can be rewritten as
%†S(τ)⊗%†B(τ)
(
iH†χ(τ)
)
+
(
iH†χ(τ)
)†
%S(τ)⊗%B(τ) = χ(τ), (15)
which has the general form A†X +X†A = B, where we take A =
%S(τ)⊗ %B(τ), X = iH†χ(τ), and B = χ(τ). We also show the in-
stantaneous projection operator onto the null-space of %S(τ)⊗%B(τ)
by P0(τ). From the result of ref.28, if P0(τ)χ(τ)P0(τ) = 0, then
there is a solution for this equation given by
−iHχ(τ) =1
2
(
I + P0(τ)
)
χ(τ) %−1S (τ)⊗ %−1B (τ), (16)
where %−1S (τ) and %
−1
B (τ) are the pseudo-inverses
30 of %S(τ) and
%B(τ). We remark that the solution is not unique, and may include
further terms, %S(τ)⊗%B(τ)Z(τ)
(
I−P0(τ)
)
+Y (τ)P0(τ), where
Y (τ) is an arbitrary operator, and Z(τ) is an operator satisfying
%S(τ) ⊗ %B(τ)
(
Z(τ) + Z†(τ)
)
%S(τ) ⊗ %B(τ) = 0. For our pur-
poses we take Y (τ) and Z(τ) equal to zero with no impact on the
state %SB.
To show that equation (3) always has a solution, we need to
ensure that the condition P0(τ)χ(τ)P0(τ) = 0 is always sat-
isfied or equivalently, P0(τ)%SB(τ)P0(τ) = 0, since by defi-
nition P0(τ)%S(τ) ⊗ %B(τ)P0(τ) = 0. To this end we write
%SB in terms of its spectral decomposition %SB =
∑
i ξi|ξi〉〈ξi|,
and use the Schmidt decomposition19 for each eigenstate |ξi〉 =∑
j
√
λ
(i)
j |e(i)j 〉S |f
(i)
j 〉B, to reach
%SB =
∑
ijl
ξi
√
λ
(i)
j λ
(i)
l |e(i)j 〉S 〈e
(i)
l | ⊗ |f (i)j 〉B 〈f
(i)
l | . (17)
From Tr[P0(τ)%S(τ)⊗ %B(τ)] = 0 one concludes that∑
ijkl
ξiξkλ
(i)
j λ
(k)
l 〈e(i)j , f (k)l |P0 |e(i)j , f (k)l 〉 = 0. (18)
6Since ξi and λ
(i)
j are positive numbers and P0 is a positive–
semidefinite matrix, for equation (18) to hold it is needed that
P0(τ) |e(i)j , f (k)l 〉SB = 0. Hence, it is seen that applying P0(τ) on
equation (17) leads to P0(τ)%SB(τ)P0(τ) = 0, which accordingly
gives P0(τ)χ(τ)P0(τ) = 0 .
Derivation of the Lindblad-like generator for the open system
dynamics. By tracing out over the bath from both sides of the dy-
namical equation in the correlation picture, we reach
%˙S(τ)
=TrB[Dc [%S(τ)⊗ %B(τ)]]
=− iTrB[HSB, %S(τ)⊗ %B(τ)]− TrB[HSB, [[Hχ, %S(τ)⊗ %B(τ)]]].
(19)
Replacing HSB = HS +HB +HI and the following identities:
TrB[HS, [[Hχ, %S ⊗ %B]]] = i[HS,TrB[χ]] = 0,
TrB[HB, [[Hχ, %S ⊗ %B]]] ≡ 0, (20)
into equation (19) yields
%˙S =− iTrB[H˜S, %S]− TrB[HI, [[Hχ, %S ⊗ %B]]], (21)
where H˜S = HS + TrB[HI %B(τ)]. Expanding HI in terms of an
orthonormal traceless Hermitian operator basis {Si}d
2
S−1
i=1 (with S0 =
I/
√
dS and Tr[SiSj ] = δij) as
HI =
∑d2S−1
i=1 Si ⊗ Bi, (22)
and replacing that into equation (21) yields
%˙S(τ) =− i
[
H˜S, %S(τ)
]−∑
i
[
Si,TrB (Bi[[Hχ, %S ⊗ %B]])
]
.
(23)
To go one step further, we expand Hχ in terms of the same basis
Hχ(τ) =
∑d2S−1
j=0 Sj ⊗ Bχj (τ), (24)
and replace it into equation (23) which gives the following general
form for the dynamical equation (more details in the Supplementary
Information):
%˙S(τ) = −i
[
HS + h
χ
L (τ), %S(τ)
]
+
∑
i 6=0,j 6=0aij(τ)
(
2Sj%S(τ)Si − {SiSj , %S(τ)}
)
, (25)
where
h
χ
L (τ) =〈HI〉B +
2√
dS
∑
i 6=0Im(ci0)Si +
∑
i 6=0,j 6=0bij(τ)SiSj .
(26)
Here aij and bij for i, j ≥ 1 are the elements of the Hermitian ma-
trices defined below equation (8). Elements of the bath covariance
matrix c for i, j ∈ {0, · · · , d2S − 1} are given in equation (8). The
only remaining step to obtain the final form of equation (7) is to di-
agonalize a = [aij ]i6=0,j 6=0, such that V aV † = Γ, where Γ is a
diagonal matrix with diagonal elements γχm as the eigenvalues of a.
7Appendix A: On linearity of the universal Lindblad-like equation
On linearity when there is no initial system-bath correlation.—If the initial system-bath state is a product state, i.e., χ(0) = 0, assuming
the dynamics of the total system is obtained by the unitary evolution U(τ) = e−iHSB , we obtain
%SB(τ) = U(τ)%SB(0)U
†(τ), (A1)
%S(τ)⊗ %B(τ) + χ(τ) = U(τ)%S(0)⊗ %B(0)U†(τ). (A2)
Thus it is simple to conclude that
χ(τ) = U(τ)%S(0)⊗ %B(0)U†(τ)− %S(τ)⊗ %B(τ). (A3)
Replacing the above χ with −i[[Hχ, %S ⊗ %B]] in equation (23) of the main text yields
%˙S(τ) = −i[HS + TrB[HI%B(τ)], %S(τ)]− iTrB[HI, U(τ)%S(0)⊗ %B(0)U†(τ)− %S(τ)⊗ %B(τ)]
= −i[HS, %S(τ)]− iTrB[HI, U(τ)%S(0)⊗ %B(0)U†(τ)] (A4)
It is evident from the above equation that replacing %S(τ) with α1%S1(τ) + α2%S2(τ) and keeping %B(0) unchanged yield
%˙S(τ) =α1(−i[HS, %S1(τ)]− iTrB[HI, U(τ)%S1(0)⊗ %B(0)U†(τ)]) + α2(−i[HS, %S2(τ)]− iTrB[HI, U(τ)%S2(0)⊗ %B(0)U†(τ)]),
(A5)
which means the reduced dynamics is linear.
On linearity on a restricted set of states.—One can look into linearity of the Lindblad-like equation from two different perspectives. One
perspective is general linearity, by which we mean that dynamics should be linear for any arbitrary choice of a pair of initial system states %(1)S
and %(2)S , without any restriction on the state of the total system. In this case, the initial state of the total system is also arbitrary. Hence, %
(1)
S
can be part of the total state %(1)SB = %
(1)
S ⊗%(1)B +χ(1), and %(2)S can be part of the total state %(2)SB = %(2)S ⊗%(2)B +χ(2). Since the Lindblad-like
dynamics depends on %B and χ, it is not linear with the general approach. Starting from the Schro¨dinger equation and following the derivation
of the subsystem dynamics, it can be seen that in this case the generator of the Lindblad-like equation Lχ is not linear in the sense that
Lχ
[∑
ipi%
(i)
S
]
6= ∑ipiLχi [%(i)S ]. (A6)
The other approach is a minimalist approach in which the initial subsystem states are chosen from a restricted set of system states forming
the convex decomposition of the state of the system, i.e., %S =
∑
i pi%
(i)
S . In this case, given the state of the system, the total state is defined
with a given %B and χ such that %SB = %S ⊗ %B + χ. By replacing the convex decomposition of %S in equation (3) we see that χ can also
be written in a convex decomposition form as χ =
∑
i piχ
(i), in which χ(i) = −i[[Hχ, %(i)S ⊗ %B]]. Thus, one can associate a correlation
matrix χ(i) to each %(i)S such that Hχ remains the same in all of them. Thus following the steps for derivation of Lindblad-like equation and
by replacing convex decompositions of %S and χ, one can see that dynamical equation for %S
Lχ
[∑
i
pi%
(i)
S
]
=
∑
i
piLχ[%(i)S ]. (A7)
Appendix B: Details of calculations for the Jaynes-Cummings model
Choosing S0 = I/
√
2, S1 = σx/
√
2, S2 = σy/
√
2, S3 = σz/
√
2 as the system operator basis, we find B0 = 0, B1 = (λ/
√
2)(a + a†),
B2 = (iλ/
√
2)(a − a†), and B3 = 0. Using the exact solution of the Jaynes-Cummings model (see ref.29) we find |ψ(τ)〉 =
e−iτω0/2
[
(r1 cos(λτ)− ir2 sin(λτ))|e, 0〉+ (−ir1 sin(λτ) + r2 cos(λτ))|g, 1〉)
]
, from which
χ(τ) =
1
8
(1 + 4r21 − 4r41 − α21 + α22)(|e, 0〉〈e, 0|+ |g, 1〉〈g, 1|) + 1
4
(α21 − 1)(|e, 1〉〈e, 1|+ |g, 0〉〈g, 0|)
+ r1r2(|e, 0〉〈g, 1|+ |g, 1〉〈e, 0|) + iα2/2(|g, 1〉〈e, 0| − |e, 0〉〈g, 1|), (B1)
in which α1 = (1− 2r21) cos(2λτ) and α2 = (1− 2r21) sin(2λτ). Now, Hχ(τ) =
∑4
i=0 Si ⊗ Bχi where
Bχ0 =iα1/
(√
2(1− α1)
)
|0〉〈0| − iα1/
(√
2(1 + α1)
)
|1〉〈1|;
Bχ1 =(2ir1r2 + α2)/
(√
2(1 + α1)
2
)
|0〉〈1|+ (2ir1r2 − α2)/
(√
2(1− α1)2
)
|1〉〈0|;
Bχ2 =
(
− 2r1r2 + iα2
)
/
(√
2(1 + α1)
2
)
|0〉〈1|+
(
2r1r2 + iα2
)
/
(√
2(1− α1)2
)
|1〉〈0|;
Bχ3 =i/
(√
2(1− α1)
)
|0〉〈0| − i/
(√
2(1 + α1)
)
|1〉〈1|. (B2)
8Thus the bath covariances are obtained as c10 = c20 = 0, c11 = c22 = λ(−2ir1r2 + α1α2)/(2α21 − 2), and
c12 = −c21 = λ(2r1r2α1 + iα2)
2(1− α21)
. (B3)
After obtaining a and b and diagonalizing a, we obtain
h
χ
L (τ) =− r1r2λ/(α21 − 1)I + 4λr1r2α1/
(
1 + 4r21 − 4r41 − (α21 − α22)
)
σz; (B4)
Lχ1 =iσ−; γ
χ
1 = −λα2/
(
2(1− α1)
)
; (B5)
Lχ2 =− iσ+; γχ2 = λα2/
(
2(1 + α1)
)
; (B6)
Lχ3 =σz; γ
χ
3 = 0. (B7)
Replacing these into the equation (7) of the main text, dynamical equation of the system is obtained in the ULL form.
Appendix C: Retrieving a Markovian master equation around a zero-correlation point
Derivation of a Markovian dynamical equation.—Using the definition of χ(τ) from equation (1) of the main text, presuming χ(τ0) = 0 we
can obtain
%˙SB(τ)|τ=τ0 = −i[HSB, %SB(τ0)]
= −i[HSB, %S(τ0)⊗ %B(τ0) + χ(τ0)]
= −i[HSB, %S(τ0)⊗ %B(τ0)], (C1)
from which, since [[Hχ(τ0), %S(τ0)⊗ %B(τ0)]] = iχ(τ0) = 0 we have
%˙S(τ)|τ=τ0 = −i[HS + TrB[HI%B(0)], %S(τ0)], (C2)
and similarly for the bath
%˙B(τ)|τ=τ0 = −i[HB + TrS[HI%S(0)], %B(τ0)]. (C3)
Using the above equations in χ˙(τ) = %˙SB(τ) − %˙S(τ) ⊗ %B(τ) − %S(τ) ⊗ %˙B(τ) and Taylor expanding χ(τ) around τ0 as χ(τ0 + τ) =
χ(τ0) + τχ˙(τ0) +O(τ
2) we obtain
χ(τ0 + τ) = −iτ
[
H˜I(τ0 + τ), %S(τ0 + τ)⊗ %B(τ0 + τ)
]
+O(τ2), (C4)
in which (for an arbitrary s)
H˜I(s) =
∑
i 6=0Si ⊗ (Bi − 〈Bi〉B)−
∑
i6=0〈Si 〉SBi . (C5)
Comparing this equation with equation (3) of the main text we conclude that
Hχ(τ0 + τ) = τH
(eff)
I (τ0 + τ). (C6)
Thus from equation (24) of the main text we conclude that for j 6= 0, Bχj = τ(Bj − 〈Bj〉B). Hence from equation (8) of the main text we
obtain for (i, j) 6= (0, 0) that
cij(τ) = τ(〈BiBj〉B − 〈Bi〉B〈Bj〉B)
=: τ CovB(Bi,Bj), (C7)
which is a positive matrix. Hence, a is positive and b = 0. For j = 0 we obtain Bχ0 = −τ
∑
i6=0
√
dS〈Si〉SBi, which yields
ci0(τ) =
∑
j 6=0
−τ√dS〈Sj〉S〈BiBj〉B, i 6= 0, (C8)
and the dynamical equation is obtained as
%˙S(τ) = −i
[
H˜S(τ) + 2
1√
dS
∑
i6=0
Im(ci0)Si, %S(τ)
]
+
∑
i 6=0,j 6=0
cij(τ)
(
2Sj%S(τ)Si − {SiSj , %S(τ)}
)
+O(τ2). (C9)
The above equation depends on the instantaneous state of the bath, which makes it intractable as a system dynamical equation. To write
it as an equation which depends only on the state of the system, we note that equation (C9) is valid up to the second order in time around
9zero-correlation points. Thus we can expand %B(τ) around τ0 using equation (C3), and keep only relevant terms. Replacing %B(τ0 + τ) =
%B(τ0)− iτ [H(eff)B (τ0), %B(τ0)] +O(τ2) and %S(τ0 + τ) = %S(τ0)− iτ [H(eff)S (τ0), %S(τ0)] +O(τ2) into equation (C7) yields
cij(τ) = τ CovB0(Bi,Bj) = τ(Tr[BiBj%B(τ0)]− Tr[Bi%B(τ0)] Tr[Bj%B(τ0)]) +O(τ2);
ci0(τ) =
∑
j 6=0
−τ√dS〈Sj〉S0〈BiBj〉B0 ; i 6= 0, (C10)
where subscripts S0 and B0 mean that the averages are taken with respect to the states of the system and bath at τ = τ0. Replacing these into
equation (25) of the main text leads to the following Markovian dynamical equation:
%˙S(τ) = −i
[
H
(eff)
S (τ0)− iτ TrB
[
HI[H˜B(τ0), %B(τ0)]
]− 2τ√dS ∑
(i,j)6=0
〈Sj〉S0〈BiBj〉B0Si, %S(τ)
]
+ τ
∑
i6=0,j 6=0
Cov(Bi,Bj)B0
(
2Sj%S(τ)Si − {SiSj , %S(τ)}
)
+O(τ2). (C11)
Appendix D: Universal short-time behavior of the Lindblad-like dynamics in the Markovian regime
Short time behavior of the system density matrix around τ0 is obtained by integration of equation (C11), which yields
%S(τ) =%S(0)− i
[
H˜S(0)− iτ TrB
[
HI[H˜B(0), %B(0)]
]− 2τ ∑
(i,j)6=(0,0)
〈Sj〉S0〈BiBj〉B0Si,
∫ τ
0
%S(s) ds
]
+ τ
∑
ij
Cov(Bi,Bj)B0
(
2Sj
∫ τ
0
ds s%S(s)Si − {SiSj ,
∫ τ
0
ds s%S(s)}
)
+O(τ3). (D1)
To calculate
∫ τ
0
%(s) ds and
∫ τ
0
s%(s) ds in short times we insert equation (D1) into the integrals, and thus we get∫ τ
0
%S(s) ds = %S(0)τ − i
[
H
(eff)
S (0), %S(0)− i[H(eff)S (0), %S(0)]
] τ2
2
= %S(0)τ +
(
−i[H(eff)S (0), %S(0)]−
[
H
(eff)
S (0), [H
(eff)
S (0), %S(0)]
]) τ2
2
+O(τ3), (D2)
and ∫ τ
0
s%S(s) ds = %S(0)
τ2
2
+O(τ3). (D3)
Inserting equations (D2) and (D3) into equation (D1), the short-time dynamics of the system is obtained up to third order in time as
%S(τ) =%S(0)− iτ [H˜S(0), %S(0)]− τ2
[
H˜S(0), [H˜S(0), %S(0)]
]
+ i
τ2
2
[
〈[HI, H˜B(0)]〉B0 − 2i
∑
(i,j)6=0
〈Sj〉S0〈BiBj〉B0Si, [H˜S(0), %S(0)]
]
+
τ2
2
[
〈[HI, H˜B(0)]〉B0 − 2i
∑
(i,j)6=0
〈Sj〉S0〈BiBj〉B0Si,
[
H˜S(0), [H˜S(0), %S(0)]
]]
+
τ2
2
D
[
%S(0)− i[H˜S(0), %S(0)]−
[
H˜S(0), [H˜S(0), %S(0)]
]]
+O(τ3), (D4)
where H˜S = HS + 〈HI〉B0 and D[◦] =
∑
i 6=0,j 6=0 Cov(Bi,Bj)B0(2Sj ◦ Si − {SiSj , ◦}). When the system-bath initial state is prepared in a
product state (which is usually the case), i.e., when χ(0) = 0, the short time behavior of the dynamics, either Markovian or non-Markovian,
will be given with the above equation. From this equation it is immediate that if the state of the system at τ0 commutes with H˜S(0), the system
dynamics will be proportional to τ2. Otherwise the linear term in τ can dominate in short-time evolution. In cases where [H˜S(0), %S(0)] = 0
equation (D4) is simplified as
%S(τ) =%S(0) +
τ2
2
D[%S(0)] +O(τ
3). (D5)
Using the definition of Cov(Bi,Bj) as given in the line below equation (9) of the main text and the expansion of HI form equation (22) of the
man text, after doing some simple algebra, the above equation can be rewritten as
%S(τ) =%S(0)− τ
2
2
TrB
[
HI, [HI, %S(0)⊗ %B(0)]
]
+O(τ3). (D6)
10
Appendix E: An atom in a bosonic bath
Redfield equation for an atom in a bosonic bath.—Following the standard textbook steps for derivation of the Redfield equation we obtain
for the dynamics of atom in the second example
%˙S =− i[HS, %S] + 1
2
(
[S(−ω0) + S(ω0)](σ+%Sσ+ + σ−%Sσ−) + 2S(−ω0)σ+%Sσ− + S(−ω0){%S, σ−σ+}
+ 2S(ω0)σ−%Sσ+ + S(ω0){%S, σ+σ−}
)
, (E1)
where S(ω) = 2
(
n(ω) + 1
)
J(ω). Solving the equation one obtains dynamical equation for populations as
%˙gg(τ) = S(ω0)− [S(−ω0) + S(ω0)]%gg(τ),
%˙ee(τ) = S(−ω0)− [S(−ω0) + S(ω0)]%ee(τ). (E2)
The solutions of these equations are given by
%gg(τ) =
S(ω0)
S(−ω0) + S(ω0)
[
1− e−[S(−ω0)+S(ω0)]τ ]+ %gg(0)e−[S(−ω0)+S(ω0)]τ , (E3)
%ee(τ) =
S(−ω0)
S(−ω0) + S(ω0)
[
1− e−[S(−ω0)+S(ω0)]τ ]+ %ee(0)e−[S(−ω0)+S(ω0)]τ . (E4)
To compare the Redfield equation with the exact solution, we rewrite it in the ω0 = 0 limit. Using the relation limω0→0 S(ω0) = 2η/β,
equation (E1) reduces to
%˙S(τ) = −i[HS, %S] + 2(η/β)(σx%Sσx − %). (E5)
Now we can obtain the differential equations for the diagonal elements of the density matrix,
%˙pp(τ) =2(η/β)(1− 2%pp(τ)), (E6)
where p ∈ {g, e} The solutions of these Redfield equations are given by
%gg(τ) =
1
2
[
1− e−4(η/β)τ ]+ %gg(0)e−4(η/β)τ ,
%ee(τ) =
1
2
[
1− e−4(η/β)τ ]+ %ee(0)e−4(η/β)τ . (E7)
Short-time dynamics of an atom in a bosonic bath.—Since 〈HI〉B0 = 0 we have H˜S = HS. Thus the initial state of the atom %S(0) = |e〉〈e|
commutes with H˜S = HS = ω0σ+σ−. Hence, from equation (11) of the main text short time dynamics of the atom is obtained as
%S(τ) = %S(0) + τ
2 CovB0(OB,OB)
(
σx%S(0)σx − %S(0)
)
+O(τ3), (E8)
from which it is seen that %ee(τ) = %ee(0) + τ2 CovB0(OB,OB)
(
%gg(0)− %ee(0)
)
+O(τ3). Since the atom is assumed to be initially in the
excited state %ee(0) = 1, thus
%ee(τ) = 1− τ2 CovB0(OB,OB) +O(τ3), (E9)
which is in accordance with the short-time expansion of equation (14) of the main text. To compare equation (E9) with the short-time expansion
of the exact solution, we note that based on equation (9) of ref.15 and for the case of a single-mode bath 〈±|%S(τ)|∓〉 = e−4f(τ)〈±|%S(0)|∓〉.
Using the identity %ee(τ) = 12
(
1 − 〈+|%S(τ)|−〉 − 〈−|%S(τ)|+〉
)
, which is obtained with a simple basis transformation using the relations
|+〉 = (|g〉 + |e〉)/√2 and |−〉 = (|g〉 − |e〉)/√2, we conclude that %ee(τ) = 12 (1 + e−4f(τ)), in which f(τ) = τ2〈O2B〉B0/2. Thus the
short-time behavior from the exact solution becomes 1− τ2〈O2B〉B0 +O(τ3), which, considering 〈OB〉B0 = 0, coincides with equation (E9).
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Appendix F: Derivation of the universal Lindblad-like equation
Starting from equation (23) of the main text and replacing equation (24) of the main text into that we obtain
%˙S(τ) = −i
[
H˜S(τ), %S(τ)
]
−
∑
i6=0
[
Si,TrB
[ (
Hχ(τ)%S(τ)⊗ %B(τ)− %S(τ)⊗ %B(τ)H†χ(τ)
)
Bi
]]
,
= −i
[
H˜S(τ), %S(τ)
]
−
∑
i 6=0,j
[
Si,Sj%S TrB
[
Bχj (τ)%B(τ)Bi
]− %SSj TrB[%BBχj †Bi]],
= −i
[
H˜S(τ), %S(τ)
]
−
∑
i 6=0,j
[
Si, cijSj%S − c∗ij%SSj
]
,
= −i
[
H˜S(τ)− i
∑
i 6=0
(ci0 − c∗i0)SiS0, %S(τ)
]
+
∑
i 6=0,j 6=0
cij(Sj%SSi − SiSj%S) +
∑
i6=0,j 6=0
c∗ij(Si%SSj − %SSjSi),
= −i
[
H˜S(τ) +
2√
dS
∑
i 6=0
Im(ci0)Si, %S(τ)
]
+
∑
i 6=0,j 6=0
cij(Sj%SSi − SiSj%S) +
∑
i 6=0,j 6=0
c∗ji(Sj%SSi − %SSiSj),
= −i
[
H˜S(τ) +
2√
dS
∑
i 6=0
Im(ci0)Si, %S(τ)
]
+
∑
i 6=0,j 6=0
cij(Sj%SSi − SiSj%S) +
∑
i 6=0,j 6=0
(c†)ij(Sj%SSi − %SSiSj), (F1)
where it is seen that the elements of matrix c for all i, j ∈ {0, · · · , d2S−1} are given by cij(τ) = Tr[%B(τ)BiBχj (τ)]. Defining the Hermitian
matrices a = [aij ]i 6=0,j 6=0 and b = [bij ]i 6=0,j 6=0 as those defined in the main text below equation (7) and replacing these into equation (F1)
leads to equation (25) in the Methods section.
